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I. INTRODUCTION 

Higher-order (or multibracket) simple Lie algebras j2l, Q are generalized ordinary Lie 
algebras. Their structure constants are given by Lie algebra cohomology cocycles which, 
by virtue of being such, satisfy a suitable generalization of the Jacobi identity. 

As is noted in ref it could be interesting to find applications of these higher-order 

Lie algebras to know whether the cohomological restrictions which determine and condition 
their existence have a physical significance. Lie algebra cohomology arguments have already 
been very useful in various physical problems as in the description of anomalies or in the 
construction of the Wess-Zumino terms required in the action of extended supersymmetric 
objects. Other questions may be posed from a purely mathematical point of view. From the 
discussion in Sect. 4 of ref. Q we know that a representation of a simple Lie algebra may not 
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be a representation for the associated higher-order Lie algebras. Thus, the representation 
theory of higher-order algebras requires a separate analysis. A very interesting open problem 
from a structural point of view is the expansions of higher-order Lie algebras, which will 
take us outside the domain of the simple ones. 

r 

The piirpose of this paper is to show that the S-expansion method developed in ref. [4| 
(see also j^,^, can be generalized so that it permits obtaining expanded higher-order 
Lie algebras. 

The paper is organized as follows: In section 2 we shall review some aspects of higher-order 
Lie algebras. The main point of this section is to display the differences between ordinary 
Lie algebras and higher-order Lie algebras and to generalize the definitions of higher-order 
Lie subalgebras and higher-order reduced Lie algebras. In section 3 we generalize the S- 
expansion method and we show that it is possible to obtain higher-order expanded Lie 
algebras. In section 4 is shown that, under determined conditions, relevant higher-order Lie 
subalgebras can be extracted from the S-expanded higher-order Lie algebras. 



II. HIGHER-ORDER LIE ALGEBRAS 



In this section we shall review some aspects of higher-order Lie algebras. The main point 
of this section is to display the differences between ordinary Lie algebras and higher-order 
Lie algebras and to generalize the concepts of subalgebra and reduced Lie algebra of ref. jj]. 

Definition 1 An algebra is defined as a pair {G, •) where G is a finite dimensional vector 
space, and • : G x G ^ G is a rule of composition defined over the vector space. 

Definition 2 A Lie algebra Q is defined by the pair {G, [, ]) where G is a finite dimensional 
vector space , with basis {Ta}'^^[^ , over the field K of real or complex numbers; and [, ] is a 
rule of composition (T^^jT^j) — [T^^jT^j] ^ G which satisfies the following axioms: 

• [uTa^ + I3Ta., , T^a] = a [Ta^ , + P [Ta^ , ^^3] for a,(3 e K (linearity), 

• [Ta^,Ta2] = - [Ta2,Ta^] V Ta^,Ta2 e G (antisymmetry), 

• [[Ta,,Ta,],Ta,] + [[Ta„Ta,],Ta,] + [[Ta,,Ta,],Ta,] = 0, 
for all Tai,Ta2,T^3 G G (Jacobi identity). 
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The Jacobi identity (JI) can be re-written 



1 1 



--y 

1! 2! ^ 



v7r(CT) 



<t{3) 



0. 



(1) 



where is the permutation group of three elements and vr (cr) is the parity of the permu- 
tation a. 

Definition 3 Let Q be a Lie algebra. A n-bracket [, ...,] or skew-symmetric Lie multibracket 

n 

is a Lie algebra valued n-linear skew- symmetric mapping [, ...,] : Q Q Q , 



(2) 



where the constants C^^ are called higher- order structure constants which are completely 
antisymmetric in the indices Ai...An. 

To define higher-order Lie algebras we need to find the generalization of the Jacobi 
identity. We postulate that the generalization of the left hand side of eq. ([T]) is given by 
1 1 



(n — 1)! n\ 



E (-1 



.■K{a) 



rp rp 



rp rp 

1 J^tT(n + l) ' ■ • ■ 1 ^CT(2n-l) 



(3) 



0-G52n-l 

However we must find the conditions under which is possible the vanishing of the right hand 
side. Let Ta be the basis of the algebra in a representation of Q. Then is possible to realize 
the multibracket as 



[TA,,...,TAj = eJ:2:rB,...rB„ (4) 

where Sn is the permutation group of n element and tt (a) is the parity of the permutation 
a. In the appendix we will show that the realization (jl]) of the multibracket satisfy the 
identity 



1 1 



[n 



l)\n\ ^ ^ 



rp rp 



0-G52n-l 

, n even 

n [Tai, ...,Ta2„_J , nodd. 



rp rp 



(5) 
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This means that is possible to obtain a generahzation of the Jacobi identity for n even. 
For n odd we obtain an identity which contains a combination of multibrackets of different 

n 

orders. Thus we can postulate that [jj 

(n - IV n" ^ (^1)''^'''' [[^^..(1)' •••'^^a{n) '^^.(n + l)' ■•■'^^a(2n-l) =0' i^) 

is the appropriate generalization of the Jacobi Identity for n even. This identity implies the 
following condition on the structure constants 



_B\...B2n-l riC 



-iD 



^Ai...A2n-iBi...B„'-'CB„+i...B2n-i 







(7) 



which is the generalization of the Jacobi condition jj. 

By analogy with the standard Lie algebra, we may now give the following definition 

Definition 4 Let Q be a Lie algebra and let n be even. A higher-order Lie algebra or 
multialgebra on Q is the algebra defined by the pair {Q, [, ...,]) where the multibracket [, ...,] 
1^ is multilinear, antisymmetric and satisfies the generalized Jacobi identity and where 
the higher-order structure constants satisfy the generalized Jacobi condition 

The following definition generalizes the concept of Subalgebra: 

Definition 5 (Submultialgebra): Let {Q, [,...,]) be a multialgebra, and consider the Lie 
algebra Q of the form Q = Vq®Vi. The subspace {Vq, [,•••,]) will be called a submultialgebra 
of {Q ,[, ...,]) if it satisfies 

[K),^o,...,K)] C^o. (8) 

The existence of submultialgebras is reflected in certain definite restrictions on the struc- 
ture constants. Let C^^ be the generalized structure constants of the multialgebra 
(Q, [, ...,]) . If {Ta^}, l^a^l and j^a^j denote the bases of Q, Vq and Vi respectively, where 
Aj = l,...,dim^, a° = l,...,dimVb and a] = dimVo + l,...,dim^, then the condition (Ej) 

can be expressed as 

Ct< = (9) 
for a5...a° < dimVo and > dimVo + 1. In fact. If Vq is a submultialgebra then 
[H) Vq] C Vq. This mean that 



TT rj-i y^b^ rr-i 



(10) 



i.e. for dim Vo < < dimC we have C^l o = 0. 

The following theorem generalizes the concept of reduction of Lie algebras of ref. jj] to 
higher-order Lie algebras. 

Theorem 6 (Reduced Multialgehra): Let {Q, [, ...,]) be a multialgebra, and consider the Lie 
algebra G of the form G = Vq © Vi, with {Ta^} being a basis for G, l^gO | a basis for Vq and 
T^i \ a basis for Vi . If the condition 



[\/i,yo,...,M)]cyi, 



(11) 



is satisfied, then the structure constants G^i 



are cero, which lead to that the struc- 



ture constants C^o o satisfy the generalized Jacobi condition by themselves, and therefc 



r^b'-^ rp 



ore 



(12) 



corresponds by itself to a high-order Lie algebra. This algebra, with structure constants 



Co ^" ! is called a reduced multialgebra of {Q, [, ...,]) and is symbolized as |Vo, [, 
Proof. If the condition 

[V,,Vo,...,Vo]gV, 



is satisfied, we have 



^ftl f)l -^CO + Crl ,1 Tel 



The structure constant of G satisfy the Jacobi identity 



^Al...A2n^lBl...B„^CB„+l-B2n-l 



(13) 



(14) 



If ^ = Vo © Vl y {TAi}, l^aoj) y {-^a^} Corresponding bases of ^, Vq, y Vi (where 

Ai = l,...,dim^, a° = l,...,dimVo and a} = dimVo + l,...,dim^), then the generalized 
Jacobi condition on Vq is given by 



Bi...B2„-i^E f^dP 
^a0...aO„_i '-'Bi...B„'-'EBn+i...B2n~i 



which can be re-written as 



_Bi...B2n-i /--le'^ 



C" 



Bi...B„^eOBn+i...B2n-l aO-aO„_i ^ Bi...Bn^ B„+i...B2n-i 



B\...B2n-i r^e^ 



■,dO 



(15) 



(16) 



We consider now the indices Bi...B2n-i- If one of these indices takes on a value in Vi, we 
have 



°1 "■2-n-l 



6 



si 



S.t>2 



X 2n-l 


ft" 

X 2n-l 

^2 




«2n-l 



SI 
51 

^2 



5'^o 



X 2n-l 


hO 

X 2n-l 



"2 



h" 


«2n-l 



(17) 



From ffTTI) we can see that a column of the determinant is zero and therefore e I ^ ^n"^ = 0. 

^ ^ «1 «2n-l 

Similarly, any permutation on the set (^i^2---^2n-i) ^ a^~^ ^^'^ indices 

of the set (Bi...B2n-i) take on values in Vi, we have 



^4 <-i 



5"^ 



5l 



<51 

"2 



5'^ 



'■2n-\ "■2n-l "■2n-l 



if-' 

«2 



To"-' 

«2n~l 



^0 

5 1 

°-i 

5% 



(51 

"2n-l 



r''2n-l 
"2n-l 



0. 



(18) 



From ( fTSl) we can see that a column of the determinant is zero and therefore e"]"'""},-' = 0. 
In general the number of null columns increase with the number of indices of the set 
{Bi...B2n-i), which take on values in Vi. Thus, the equation ( fT6i) is then given by 



(19) 



From (fT9l) we can see that the structure constant C\ „ satisfy the generalized Jacobi 
identity by themselves in two cases: ■ 



When C^o = 0, i.e., when Vq is a submultialgebra 

When C'gi^^^^ B2n-i ~ ^^^^ •••i^o] C Vi. This means that in this case 

the structure constant C^o o satisfy the generalized Jacobi identity and 



nb^ rp 

aO ^ bO 



(20) 



correspond by itself to a higher order Lie algebra. It is interesting to note that a 
reduced multialgebra |Vo, [,..., ]| does not correspond to a submultialgebra of (^, [,..., ]). 



Definition 7 The Lie multialgebra obtained from the condition [Vi, Vq, Vq] C Vi i.e., with 
^e°B„ 1 B2r,-i = called a reduced multialgebra of G and will be symbolized as \Vq \ . 
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III. 5-EXPANSION OF HIGHER-ORDER LIE ALGEBRAS 



In this section we shall review some aspects of the S-expansion procedure introduced in 
ref. j4|. The main point of this section and of this paper is to show that the generalization 
of the S-expansion method permits obtaining S-expanded higher-order Lie algebras. 



A. S-Expansion of Lie Algebras 

The iS-expansion method is based on combining the structure constants of the Lie algebra 
{Q, [,]) with the inner law of a semigroup S to define the Lie bracket of a new, S'-expanded 
algebra. Let S = {Xa} be a finite Abelian semigroup endowed with a commutative and 
associative composition law S x S ^ S, (Aq, A/3) h-> X^Xp = K^^ '^X-y. Let the pair {Q, [,]) a 
Lie algebra where G is a finite dimensional vector space, with basis {Ta}'^^^ , over the field 
K; and [, ] is a ruler of compostion G xG — > G, (T^^jTa^) — > [r^.,T4j = G^'^^^Ak - The 
direct product G = S ® G is defined as the Cartesian product set 

(3 = Sxg = {T^A,a) = X^Ta : X^eS ,TAeg} (21) 

endowed with a composition law : G x G ^ G defined by 

[T(^A,a),Ti^B,f3)]s ='■ XaXi3 [Ta, Tb] = KlpC%X^Tc = C( Jl)(B,/3)^(C,7) • (22) 

where TJ-^^) = X^Ta is a basis of G. The set (ETi) with the composition law (1221) is called 
a S-expanded Lie algebra. This algebra is a Lie algebra structure defined over the vector 
space obtained by taking ord 5" copies of G 

C5 : (Baes (W, ^ V«) 
dim G = ordS x dim G by means of the structure constants 

^ '-'AB^lp (23) 

where 6 is the Kronecker symbol and the subindex a, /3 G 5 denotes the inner compostion in 
S so that (52/3 = 1 when a/3 = 7 in S" and zero otherwise. The constants C(^'2)(b/3) defined 
by (l23l) inherit the symmetry properties of G^^ of G by virtue of the abelian character of 
the S-product, and satisfy the Jacobi identity. 
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In a nutshell, the S-expansion method can be seen as the natural generalization of the 
Inonii-Wigner contraction, where instead of to multiply the generators by a numerical pa- 
rameter, we multiply the generator by the elements of a Abelian semigroup. 



Theorem 8 The product defined in [2^) is also a Lie product because it is linear, 
antisymmetric and satisfies the Jacobi identity. This product defines a new Lie algebra 
characterized by the pair {&, [,]g), and is called a S-expanded Lie algebra. 

Proof. Since the iS-product is abelian, the product [,]g defined by fl22l) inherits the sym- 
metry properties of the product [, ] of Q, and satisfies the Jacobi identity. In fact, 

[ [T{Ai,ai), ^(Az.aa)] s ' ^(^s.^s)] 5 + [ [^(^2,03) , ^"(^3,03)] ^ , T(^A^,ai)] ^ 



1 1 



7r((7) 



Aa(l),"CT(l) j ' (A„(2).a<T(2)J 



T 



(^€53 



TG53 



1 1 



1^(2) 



,Ta 



<t(3) 



(24) 



where we have used the commutativity I K2 , n, , , = ^2,rvorv^ ) and associativity of the 

\ '-'-(7(1) ^cr(2) (3) Ctict2i-*ci / 

semigroup inner law, and the fact that the product [, ] satisfies the Jacobi identity. ■ 
From (IMl) we can see that the Jacobi identity of the S'-expanded Lie algebra (5" G, [, j^) 



[[7'{Ai,ai),7'(A2,a2)]5 ' ^(A3,a3)] 5 + [ [^(A2,a2) ' ^{A3,a3)] 5 )^{Ai,qi)]^ 



(25) 



+ [[^{A3,a3)) ^(Ai,«i)] ^5. , T(A2,a2)\ g 

can be obtained if we multiply the Jacobi identity of the Lie algebra (^, [, ]) by Xai^a2^a3 
or by the 3-selector K^^^^^s'- 



1 bis) 



-"■Oi02"3 



mom 



(26) 



Similarly, if multiply the Jacobi condition of the Lie algebra (^, [, ]) 

2^AiA2A3"-"BiB2'-"CS3 ~ ^ 



(27) 



by -ft'f^ 0,20,3 = K^-^^^K^^^ , we obtain the Jacobi condition of the S'-expanded Lie algebra 
(5* (g) G, [, ]s)- In fact, 

TV-/? (^^BiB2B3f^C A _ 1^5152 53 7^-7 r'^ -D 

-^aiQ2Q3 1 2^^iA2A3'-'5iB2'-^CB3 I — 2^AiA2A3-"'aia2'-'5i52^7"3'-"C53 ~ ^ y'^°> 

1 RiB253^(C,7) _ r, /9Q\ 

2^AiA2^3'-"(Bi,ai)(S2,Q2)^(C,7)(53,a3) ~ 



B. S'-Expansion of Lie Multialgebras 

The 5'-expansion method is based on combining the structure constants of [,..., ]) with 
the inner law of a semigroup 5" to define the Lie bracket of a new, ^-expanded multialgebra. 
Let 5 = {Ao} be a finite Abelian semigroup endowed with a commutative and associative 
composition law S x S ^ S, (Aq,, A/3) A^A^ = K^^ "^X^. The direct product G = S ^ G is 
defined as the cartesian product set 

= Sxg = {T(^,o) = KTa : KeS ,TAeg} (30) 

n 

with the composition law [, : G x ...x G G, defined by 

[T(Ai,ai)i ■■■,T(^An,a„)] g = Xa^---Xa„ [Ta^ , ■ ■ ■ , Ta„] 
[TiA^,a^), ■■■,T(^An,a„)]s = Kl^...an^Ai...A„^jTc = C^A["',l^)...(A„,a„)^{C,'r) (31) 

where T(a- a ) ^ G,'^i = 1, ...,n, and G^'l'"'^ . ^ . . = K2 „ 4 . 

y^i,"!) ' 117 [Al,ai)...(An,an) Ol...On Al.../in 

The set G = X G (1301) with the composition law (13T|) define a new Lie multialgebra 
which will be called S-expanded Lie multialgebra. This algebra is a Lie algebra structure 
defined over the vector space obtained by taking S copies of G by means of the structure 
constant s x = K2, „ 4 where K2 „ = K2, „ Kl^^ ■ The structure 

constants G^^^]^^-^ ^^^^ defined in (j3T|) inherit the symmetry properties of of G by 

virtue of the abelian character of the S'-product. 

Theorem 9 The product [, defined in l[3l\) ) is multilinear, antisymmetric and satisfies 
the generalized Jacobi identity (GJI). 



a j2 i-^y^"^ 



'^(-4ct(1),Q:<t(1)) ' "' '^{^a(n),0'a(n)] 



T T ^ 

' (-4CT(n + l)>C*CT(n+l)) ' "' (ACT(2n-l)iQ^<T(2n-l)^ 



= 

s 

(32) 
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where 



1 1 



(n — 1)! n\ 

Proof. Since the S'-product is abelian, the product [, •••ij^ defined by (!3T|) inherits the 
symmetry properties of the product [,...,] of {Q, [,...,]), and satisfies the generahzed 
Jacobi identity. In fact, 



T T 

(^ct(1):"ct(1)) ' (-4CT{n):"<T(n)) 



T T 

5. ' (^tT(n + l):"CT(n+l)) ' '"' (^CT(2n- 1) :°tT(2n- 1) ) 



( — 1) -^a^(l)...a^(2„-l)'^7 ^^<t(1) ' ^-4^{n) ' ^^<T{n + l) ' • ■ • ' ^^<T{2n-l) 



I 0'GS2n-l 



0, (33) 



where we have used the commutativity K2 ^ = ^„ and associativity of the 

J ..a£,(2„_i) ai...02n-l 

semigroup inner law, and the fact that the product [,...,] satisfies the generahzed Jacobi 
identity. ■ 

From (!33l) we can see that the Jacobi identity of the S'-expanded Lie multialgebra 
{S ^Q, [, can be obtained if we multiply the generalized Jacobi identity of the Lie 

multialgebra [G, [, ...,]) by Kl^,„^^^_^. 

Similarly, if we multiply the generalized Jacobi condition of the Lie algebra (^, [, ...,]) 



B\...B2n-i qC rjD Q 

A\...A2n-l Bi...Bn CBn+l---B2n-l 



(34) 



by , „^ , = „ K!^^ , , rv. , 5 we obtain the generalized Jacobi condition of the 
S'-expanded Lie multialgebra (0 



1 [' ■■■i\sJ 



In fact. 



7^/3 I Bi...B2n-if^C 

^ai...a2n-l \'^Al...A2,^-l^Bl...Br^'^CBr, + l...B2r,-l 



-iD 



.Bl...B2n-l 



. i T^7 (^C TV-/? 

^Al...A2n-l ai---an^-Bl...-Bn-'^7an + l...a2n~l^CB„ + l...B2n-l 

Bi...B2n-if^{C,-y) 
^Ai...A2„-i'-"(Bi,ai)...(B„,a„)^(C,7)(B„+i,a„+i)...(B2n-i,an+i) 





0. 



(35) 



(36) 



C. Multialgebra 05-Reduced 



When the semigroup has a zero element O5 G 5", it plays a somewhat peculiar role in the 
S-expanded Lie multialgebra. Let us span S in nonzero elements Aj, i = 0, ■ ■ ■, A^, and a zero 
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element Aat+i = O^, i.e., 



S — Aq, Ai, . . . , Ajv , Aat+i^ ^ . (37) 
Then, the 2-selector satisfies 

K ^ - K ^ - K - ... - K ^ - n 

^ V ' ^ V ' 

r r 

iV+l _ iV+l _ 1 (no\ 

Therefore, the S'-expanded multialgebra ((S, [, can be spht as 

\T{A^,N+l),T(^A2,i2)^ ■ ■ ■ = CA^,...,Ar. ^Tf^C,N+l) 



\T{Ai,N+l)-, ■ ■ ■ ■,T(^Ar,N+l),T(^Ar+i,ir+i)-, ' ' ' )^(A„,i„)]_5 - C'ai,...,A„ ^^(C, 



N+1) 



[^(Ai,7V+l), • • • , ^(A^.Ar+l)]^ = C'ai,...,^™ ^^(C,7V+1)- (39) 

From (!39|) we can see that (0,[, ...,]^) can be written as (S = Vq © Vl, with Vq = 
{T(A,j)}, Vi = {T(A,Ar+i)}. From ( !39l) we also see that 

[V^i,V^o,-,K)]sC V^i (40) 



ii,...,yi,yo,-,v^c 



C Vi, con r = 1, n. (41) 

5 



r-times 

This means that the commutation relations 

[T{A^,n): ■ ■ • ,r(A„,i„)] = ^n,...,i„ *'C'ai...A„ ^%,fc) 

are those of a reduced Lie multialgebra (C5, [, ■..,]5). From fl39|) we see that the reduction 
procedure in this particular case is equivalent to imposing the condition 

T{c,N+i) = OsTc = 0. 

The above considerations motivate the following definition: 

Definition 10 Let S be an Abelian semigroup with a zero element G S, and let 
(S* ® ^, [,..., ]) he an S-expanded multialgebra. The multialgebra obtained by imposing the 
condition QsTa = on & is called a Os-reduced multialgebra of&. 
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IV. S-EXPANSION OF SUBMULTIALGEBRAS 



In this section is shown that there are at least two ways of extracting smaller multialgebras 
from {S ® Q ,[,...,]) . The first one gives rise to a "resonant submultialgebra" while the 
second produces reduced multialgebras of a resonant submultialgebra. 



A. Resonant submultialgebras 

The general problem of finding submultialgebras from an S'-expanded multialgebra is a 
nontrivial one, which is met and solved in this section. In order to provide a solution, one 
must have some information about the subspace structure of ^, [,...,] . This information is 
encoded in the following way: 

Let Q = (Bp^iVp be a decomposition of Q in subspaces Vp, where / is a set of indices. For 
each {pi, ...,Pn) G / it is always possible to define C / such that 

[Vp,,...,VpJc K. (42) 



In this way, the subsets {^(pi,...,p„)} store the information on the subspace structure of Q. 

As for the Abelian semigroup S, this can always be decomposed as 5* = Up^jSp, where 
Sp C S. In principle, this decomposition is completely arbitrary; however, using the product 
from definition (2.2) of ref. j4|, it is sometimes possible to pick out a very particular choice 
of subset decomposition. This choice is the subject of the following definition: 

Definition 11 Let Q = (BpeiVp be a decomposition of Q in subspaces Vp, with a structure 
described by the subsets «(pi,...,p„), as in Eg. (f^^. Let S = Up^iSp be a subset decomposition 
of the Abelian semigroup S such that 

Sp,xSp,x----xSp^C Pi Sr. (43) 

'■e*{Pi,...,Pn) 

When such a subset decomposition S = Upg/S'p exists, then we say that this decomposition 
is in resonance with the subspace decomposition of Q = ©pe/V^. 

Theorem 12 Let Q = (Bp^iVp be a subspace decomposition of Q, with a structure described by 
Eq. and let S = Upg/iSp be a resonant subset decomposition of the Abelian semigroup 
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S, with the structure given in Eg. [J^l- Define the subspaces Wp of (5 = S ^ Q, 

Wp = Sp® Vp, pel. 

Then, 

(Sr = ®peiWp 

is called a resonant subalgebra of the S- expanded multialgebra & = S ^ Q . 
Proof. Using Eqs. (jl2]) and (jl3D we have 

[Wp,, WpJs = [Sp, ® Vp,, Sp„ ® VpJs = (Sp, X ... X SpJ ® [Vp„ VpJ 



C 



;pi,...,Pn) / Y^'- 
But, it is clear that for each r G i(pi,...,p„) one can write 

fl SsC Sr. 

Then, 



(Pl,...,pn) \ '*€*(pi,...,pn) 



(pi,...,pn) 



[Wp,,...,Wp„],c 5,®K= M^. 

»-ej(pi,...,p„) ^•6i(p^,...,p„) 
[W^Pi,-,W^pJ5C ^.®K= Wr 

[Wp,,...,Wp„]sC^Wr = (5R 



(Pl,...,Pn) 



re/ 



(44) 



(45) 



fl Ss]® Vr. (46) 



(47) 



(48) 



Therefore, the algebra closes and C5r is a submultialgebra of (5. 

This theorem translates the difficult problem of finding subalgebras from an S'-expanded 
algebra & = S ^ q into that of finding a resonant partition for the semigroup S. 

Denoting the basis of Vp^ by {T^^J, A^.^^ G 5*^, and T^^a.^^a,^^ = K^Ja^^ e Wp^ one can 



write 



rp rp 



S ^("Pl .Qpi) .Qpn) 



(Cr ,7r)' 



which means that the structure constants of the resonant submultialgebra are given by 



(Cr ,7r) 



(ap^,apj...(ap„,ap„) 



K. 



An interesting fact is that the S-expanded multialgebra "subspace structure" encoded in 
^(pi.- -.pn) is the same as in the original multialgebra, as can be observed fron Eq. (HHjl . 
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B. Reduced Multialgebras of a Resonant Submultialgebra 



The following theorem provides necessary conditions under which a reduced multialgebra 
can be extracted from a resonant subalgebra: 

Theorem 13 Let &ji = ®peiSp<^Vp be a resonant submultialgebra (0, [, i-e., let Eqs. 

( 17^ and ( [73] ) be satisfied. Let Sp = SpU Sp be a partition of the subsets Sp C S such that 



Sp, n S'p . 



Spi X Sp2 X ... X Sp^ C 1^ Sr- 



(49) 
(50) 



''e*(pi,.-.,Pn) 



The conditions ( [TPP and ([5^ induce the decomposition (5r = &r © (Sr on the resonant 
subalgebra, where 



= ®pGlSp ® Vp 

When conditions ([7^ and ^5^) hold, then 

'a , , 



A 



and therefore \^r\ corresponds to a reduced algebra of i3r. 

Proof. Wp. = S'p. ® Vp. and Wp. = Sp. ® Vp^ . Then, using condition (|50|) . we have: 



(51) 
(52) 

(53) 



Wp„Wp„...,W,. 



Spi ® Vp^ , Sp2 ® Vp2 , . . . , (Sp,^ ® v^„ 



J s 



For each r G i{pi,...,p„) we have 



S'p^ X Sp^ X ... X j © [V^i , V^2 5 • • • 5 ^n] 



CI fl 



(?!,■■■, Pn) 



n Ss]0Vr. 



*^*{Pl,---,Pn) 
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so that, 



(Pl,.-.,Pn) 
C 0iy. = 



Thus 



C i.e, 



A 

C (5h 



and therefore \^r\ is a reduced algebra of ■ 

The structure constants for the reduced algebra \^r\ are given by, 



(Cr,7r) 



«Pl:"Pl)---Kn:"Pn) 



7r 



with Op;, 7r such that Aa^. G Sp^ y A^^ G S'p^. 

C. 5^^-Expansion of Multialgebras 
Definition 14 Let us define S^^^ as the semigroup of elements f^J 

4"^^ = {A„, a = 0,...,iV + l} 
provided with a multiplication rule 



where H^j^i is defined as the function 



Hn{x) 



The two-selectors for S^^^ read 



X, when x < n, 
n, when x > n. 



1(1 



"i/jv+i(a+/3) 



where 6^ is the Kronecker delta. 
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The multiplication rule ( 155|) can be directly generalized to 

Aai....Aa„ = XHN+-^(ai+...+a„) = '^Hiv+i(ai+...+a„)^7 (57) 

K = 

From Eq.( l55|l . we have that Aat+i is the zero element in 5"^^ i.e., Aat+i = O5. 

The corresponding ^'-expanded multialgebra is given by the following commutation rela- 
tion: 

\T{A^,ai), ••■,r(A„,a„)]_5 = '^H^+i(ai + ...+«„)^Ai...Af ^(C,7)) (58) 

which implies that the structure constants for the S'^'' -expanded multialgebra can be written 

as 

(C.7) _ r7 C /cqX 

with 7, «!, a„ = 0, ■ ■ ■, + 1. When the condition of O^-reduction is imposed, the Eq. 
f l59|) reduces to 



V. COMMENTS 



We have shown that the successful S'-expansion of the Lie algebras method, developed in 



ref. {4], can be generalized so as to obtain expanded higher-order Lie algebras. 

The main results of this paper are: the generalizations of the definitions of Lie subal- 
gebras and reduced Lie algebras to higher-order Lie subalgebras and higher-order reduced 
Lie algebras; to generalize the S-expansion method and to show that it is possible to obtain 
higher-order expanded Lie algebras, as well as to probe that under determined conditions 
can be extracted relevant higher-order Lie subalgebras from the S-expanded higher-order 
Lie algebras. 
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1070306 and in part by Direccion de Invest igacion, Universidad de Concepcion through 
Grant # 208.011.048-1.0. One of the authors (P.S) wish to thank J. A. de Azcarraga for his 
kind hospitality at the Departament of Theoretical Physics of Valencia University and many 
enlightening discussions. Two of the authors (R.C. and N.M) were supported by grants from 
the Comision Nacional de Investigacion Cienti'fica y Tecnologica CONICYT and from the 
Universidad de Concepcion, Chile. 
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VI. APPENDIX A 



In this appendix we show that the reahzation @ of the multibracket satisfies the identity 



(n — 



0"G52n-l 







n even 



n [Tai, ...,T^2n-i] > nodd. 
which can be re-written in the following way: 



[n — 



1 1 Bl...B2n—l l\rp ^ 'T 'T 1 



n even 



ran! (n - 1)! [Ta^, T^^^.J , n odd. 



In fact, if 



then 



B\...B2n — l \^C\...Cn'~r 'T 1 

^Ai...A2„_i [^Bi...bJc\---J-C„, J- B„+i, ^ B2„-i\ 

Bi...B2n-l^Cl...C\ 



'Ax...A2„ 



i^Bi...B„ L-tCi----'C„, JBan-iJ 



lCl...CnBn+l...B2n-l frp 'T 'T 1 

^■^Ai A2„-i L-'Ci----'c„, -tS„+i, ■■■■,J-B2r^-^\ 



where we have used Eq.(jl]) and the property 



hi...hr- 



(60) 



(61) 



(62) 



(63) 



(64) 



We consider now the multibracket [T^^.-.T^^, Tb^^^, ...,Tb2„-i]- The expression Tcj^...Tc„ is 
the matrix product of n elements, and therefore is a mapping onto another element of Q, 
which must be antisymmetrized together with Tb^j^^-, ...,Tb2„_i- Thus, we can write 



- ^S„ + i...B2n-lZ^ ^C„ + l---JC„ + ,JCl---'C„^C„ + , + l---JC2n-l 



(65) 



s=0 
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where the n — 1 elements Ts^^^, ...,Tb2„_i are antisymmetrized with the contraction with 
^Br^+i'.'. -32^-1 ^^"^ element Tc^...Tc„ is is antisymmetrized with ^ . Introducing these 
results into (IMjl we have 

^ = r^^f^:^:!::::^:"^ (66) 

n-1 

^ X] (^^)''^'^n+i---^c„+.rci---Tb„rc„+.+i---Tc'2„-i 

= d(n-i)!ej:2::i 

n-l 

X (-l)Tc„+i...Tc„+,Tci...rc>„Tc„+,+i...Tc2„_i 
= n! (n — 1)! 

n-l 

\ ^ / -i\S Cl...C2n — l rp 'T 'T 'T 'T T' 

^ 2_^\~^) ^Ai...A2„-i^C'„+i---Jc„+,JCi---Jc„Jc„+,+i---JC2„-i 
s=0 

where we have used the identity fl^ . Since 

Cl...C2ri — 1 rr-i rr-i rr-i rri rp rp f C'7\ 

^yli...A2„-i^C'„+i---Jc„+,JCi----'Cn^C„+,+i---JC2„-i iD/j 

V ^Ai...A2„-l '-■1- '-^n + l ^ Cn + s C/2 ■• --^ On Cn + s + 1 ^02n-l 

= 5'^i---^2n-i J, J. J. J. J. Tr Tr Tr 

±j ±j c^^ J-G2-'0„+i----'G„+3-iG3----^G„-'G„+3+i----^G2n-l 

= ('_l)"-V'5f^-C'2n-i J- Tr Tr Tr Tr Tr 

\ J ^Al...yl2n-l ^Gn-^Gn + 1 ^ G„+3 G,i+s + l ^G2n-1 

/ 1 \71S Cl...C2n--l T"! rp 

- {-^> £Ai...A2„-i^C'i---^C'2„-i, 

we have that (IMj) takes the form 

n-l 

= d (n - 1)!^ (-1)^ {-iret:%:-:Tc,...Tc2„.. 

s=0 

n-l 



n\ {n - i)!^Si:::2::;rc....Tc2„_,$^ (-i)^ (-i)' 

d(n-l)! [T^,,...,TA2^_,]J2{-lf'''''^- 



s=0 

It is direct to check that 

n-l 



^_^s,s(n+l) 

s=0 



0, for n even 
71, for n odd 
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Using (162!) we find 



or 



Bl...B2n — l frrp 1 T' 1 



n! (n- 1)!^^-^^" 

0, for n even 

n [T4,, ...,rA2„_J , for n odd 



0"G5'2n-l 

0, for n even 

72 [Tai, ...,Ta2„_i] , for n odd 
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